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Common polymatroidal structures are found in line drawings of polyhedra and two-dimensional 
frameworks composed of rods and joints. Moreover, those polymatroids are characterized by 
certain submodular functions, which are useful for practical calculation of the ranks of those 
polymatroids. A new start point is thus obtained for the unifying study on those subjects. Three 
different types of treatments of those subjects based on this unifying point of view are also 
presented. 
1. Introduction 
The author in his recent papers [S, 91 pointed out that a necessary and sufficient 
condition for a line drawing to represent a polyhedron correctly can be expressed in 
terms of a certain submodular function. It is, on the other hand, known that 
another submodular function plays a central role on the rigidity of two-dimensional 
frameworks (Laman [6]; Asimow and Roth [l]). The purpose of the present paper is 
to show that the two submodular functions, though they are extracted from 
seemingly different fields of engineering, have the same mathematical properties 
and to establish a new start point for the unifying approach to those fields of 
engineering. 
We shall review the fundamental properties of line drawings of polyhedra and 
two-dimensional frameworks in Sections 2 and 3. In Section 4 we shall establish a 
unifying point of view from which these subjects can be seen, and also present three 
different types of treatments of these subjects, using this unifying point of view. 
2. Line drawings of polyhedra 
This section is a digest of the results in [8,9] that are necessary for our later 
discussion. 
An incidence structure of a three-dimensional polyhedron is a triple S = (V, F, R), 
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where V and F denote the set of vertices and that of faces respectively of the 
polyhedron, and R denotes a subset of V x F such that (u, f) is in R if and only if 
vertex u (E V) is on face f (E F). A fine drawing is an orthographic projection on the 
x-y plane of a polyhedron that is fixed to an (x, y, z) Cartesian coordinate system in 
such a way that no face is parallel to the z-axis. A line drawing is also called a 
picture. 
Suppose that line drawing D of a polyhedron and its incidence structure 
S = (V, F, R) are given. Let (xi, y;, zi) denote the coordinates of vertex ui (E I’) and 
ajX+ bjY + z + Cj = 0 denote a surface equation of face fi (E F). If (u;, fj) ER, that is, 
vertex ui lies on face fj, then we get 
ajXi + bj_Yi + Zi + Cj = 0, 
which is a linear equation with respect to Zir aj, bj, cj. Collecting all of such 
equations, we get 
Aw=O, (1) 
where w = t(~i ..a znalblcl ... amb,c,), n = 1 V 1, m = IF 1 and A is a constant matrix 
determined by D and S. 
Since eqs. (1) represent the constraints placed by incidence relations between 
vertices and faces, there is a one-to-one correspondence between R and the set of 
row vectors of A. For any Xc R, let A(X) denote the set of the row vectors of A 
that correspond to elements of X, and let ~~(7) be a nonnegative, integer-valued 
function defined by 
@D(X) = rank(A(X)), (2) 
where rank(W) represents the maximum cardinality of linearly independent subsets 
of vector set W; Q&X) represents the number of independent constraints in X. 
Next, for any Y c V and 2 c F, let a&Y) and rD(Z) be defined by 
aD(Y) = rank (( gy {ei})UA(R)) - rank(A(R)), (3) 
where ei is an n+3m-dimensional row vector whose ith component is 1 and the 
other components are all 0’s. The value of aD(Y) represents the number of the 
vertices in Y whose z-coordinates can be specified arbitrarily when we construct a 
polyhedron from the picture. Similarly, r&Z) represents the number of the 
parameters (i.e., aj’s, bj’s and Cj’s) of faces in Z that can be specified arbitrarily. 
The three functions en, oD and rD are rank functions of integral polymatroids on 
R, I/ and F, respectively. (See, for example, Welsh [l l] for the definition of an 
integral polymatroid; we shall hereafter abbreviate an ‘integral polymatroid’ to a 
‘polymatroid’.) Polymatroid (E, Q) consisting of support set E and rank function Q 
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is called a p-matroid if Q({x>) =p for every x in E. Then, (R, QD) and (V, aD) are 
1 -matroids and (F, TV) is a 3-matroid. 
The vertices of picture D are said to be in general position if xi, yi, . . . , x,, y, are 
algebraically independent over the rational field. By the definition of algebraic 
independence, a subdeterminant of the matrix A is 0 if and only if it is identically 0 
when we consider x1, yl, . . . . x,, y, as variables. Therefore, if the vertices are in 
general position, the rank of the matrix A depends on S only. Incidence structure 
S = (V, F, R) is called regular if, for any picture in which the vertices are in general 
position, eqs. (1) have a solution such that ai#a, or b; # bJ or ci#cj for any 
1 I i<jlm, and non-regular if otherwise. (The same concept is termed ‘position- 
free’ in [9], but we use the term ‘regular’ in the present paper in order to emphasize a 
mathematical correspondence among several concepts found in different fields of 
engineering.) The incidence structure of picture Fig. l(a) is regular, but that of(b) is 
not regular (the incidence structure considered here is what is composed of only 
visible vertices and visible faces drawn in the picture); (b) represents a polyhedron 
correctly only when the three edges caused by the top, the right and the left faces 
should meet at one point (when extended) because the three surfaces in a space 
should have exactly one common point. 
(a) regular (b) non-regular 
Fig. 1. Regular and non-regular pictures. 
A polyhedron is said to be trihedral if every vertex is on exactly three faces. Then, 
the next theorem holds. 
Theorem 1. Let S= (V, F, R) be an incidence structure of a convex polyhedron or a 
trihedral polyhedron. Then, S is regular if and only if ps(X) 2 0 is satisfied for any 
XC F such that /X 1 L 2, where 
,us(X)=lV+(X)l+3 IXI-lR(X)I-4, 
andR(X)=(V/xX)nR and V’(X)={u IDE V,({u}xX)~R#0}. 
(5) 
Real-valued function r on 2”, where M is a finite set, is called submodular if it 
satisfies 
r(XU Y) + r(xn Y) 5 r(X) + r( Y) 
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for any X, Y c M, and r is called supermodular if -r is submodular. A submodular 
and supermodular function is called modular. 
Throughout this paper we shall use right upper symbols + and - in the following 
way. Let B = (U, L, W) be a bipartite graph having node sets U, W and arc set L 
(L c (Ix W). For any Xc U, W+(X) and W-(X) are defined by 
W’(X)= {Y IYE w,(Xx (r))nL+fl>, 
Then, 1 W+(X) 1 is submodular and 1 W-(X) 1 is supermodular. V+(X) in Theorem 1 
is defined in the same manner (where the associated bipartite graph is (I’, R, F)), and 
hence I V+(X)1 is submodular. Since 1 XI and IR(X)I are modular, .uS is a sub- 
modular function. 
3. Plane skeletal structures 
A plane skeletal structure is a two-dimensional framework composed of rigid 
rods and rotatable joints. Each joint connects end vertices of two or more rods in 
such a way that mutual angles of the rods can change freely if the other ends are not 
constrained. Let I’ and E denote the set of joints and that of rods, respectively. (If 
there are any end vertices which are not connected with others, we shall include 
them in V as joints with single rods.) Regarding V and E as a vertex set and an edge 
set, we obtain a finite undirected graph G = (V, E) without loops or multiple edges. 
G is called an underlying graph of the plane skeletal structure. 
Let P be a plane skeletal structure with underlying graph G = (V, E), and (x,, yi) be 
the Cartesian coordinates of vertex (=joint) ui (E V). An edge (=rod) connecting u; 
and Uj constrains the movement of the structure in such a way that the distance 
between the vertices are constant: 
(X; -Xj)2+ (Y; -Yj)2= const. 
Differentiating it by time t, we get 
(Xi-Xj)(~j-~j)+((yi-Yj)(jl;-~j)=O, 
where the dots denote the differentiation by t. Gathering all of such equations, we 
get 
Aw=O, (6) 
where w = t (kl J+ ---inj,,), n = IV1 and A is a constant matrix. 
For any Xc E, let A(X) denote the set of the row vectors in A that correspond to 
elements of X (note that each row in A represents the constraint placed by an edge in 
E), and let ep be a function on 2E defined by 
ep(X) = rank(A(X)). (7) 
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Then, (E,& is a 1-matroid and ep(X) represents the maximum number of edges 
whose lengths can be changed independently (provided that the changes are small). 
Next, let op be a function on 2” defined by 
CJ~( Y) = rank (( ,,vy {e~i-t4) UA(E) -rank@(E)) ) (8) 
for any Y c V, where ek is a 2n-dimensional row vector whose kth component is 1 
and the other components are all 0’s. (V,op) is a 2-matroid, and a,=(Y) represents 
the minimum number of coordinates whose values are to be given when we fix all 
points in Y to a plane. This 2-matroid is studied by Lovasz [7]. 
Since motions (i.e., congruent transformations) in a plane have three degree of 
freedom, we get crp( V) 13. The structure is rigid if op( V) = 3, whereas it is flexible 
(i.e., a mechanism) if otherwise. 
Suppose that G = (V,E) is an underlying graph of plane skeletal structure P. G is 
called regular if ep(E) = IE 1 for any P whose vertices are in general position, that is, 
G is regular if small and arbitrary changes of lengths of the rods of the structure P 
do not cause the structure impossible. G is called non-regular if otherwise. (The 
same concepts are termed ‘generically independent’ and ‘generically dependent’ in 
[lo], but we use ‘regular’ and ‘non-regular’ for the purpose of unifying treatments.) 
A rigid structure with a regular underlying graph is caled statically determinate 
because stress along rods can be determined from static equilibrium of force. A rigid 
structure with a non-regular underlying graph is called statically indeterminate 
because stress along rods can not be determined unless elastic characteristics of the 
rods (such as Hooke’s law) are given. 
Laman [6] proved a theorem on regular structures which is equivalent to 
Theorem 2 (Laman’s Theorem). Graph G=( V, E) is regular if and only if 
,uUG(X)zOforanyXCEsuch that IXlrl, where 
~G(~)=21~+(~)I-l+3 (9) 
and V’(X) is the set of terminal vertices of edges in X. 
Note that fi(G is a submodular function on 2E. 
Remark 1 (Another representation). In the above formulation we consider joints as 
geometric objects and rods as constraints. Plane skeletal structure P can also be 
represented in another way. Let Q and J denote the set of rods and that of joints, 
respectively, and for each i = 1, . . . , n (n = 1 Q I) let (x2;- 1, YZ;- 1) and (x2;, ~2;) denote 
Cartesian coordinates of an initial vertex and a terminal vertex, respectively, of rod 
r; E Q (suppose that each rod has a prespecified direction and hence the initial vertex 
is distinguishable from the terminal vertex). Because points (Xzi- 1, y2i_ t) and 
(x2;, y2;) are connected by a rigid rod, we get 
(XZi- 1 -X2i)@Zi- 1 -i2i) + (Y2ib 1 -Y2iN32;- 1 -32;) = 0, 
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for i= 1, . . . . n. Gathering them all, we obtain 
Bw=O, (IO) 
where w = ‘(.?,$i *..%2,,_92,,) and B is a constant matrix. Next, suppose that the jth 
joint connects a vertex, say uk, of a rod and a vertex, say u/, of another rod. Then, 
we get two equations: 
i,=&, ?k =Yl- 
A joint in general connects two or more rods. If a joint connects k rods, we get 
2(k - 1) linearly independent equations. Gathering these equations for every joint in 
J, we get 
Aw-0. (11) 
For any XC J, let A(X) denote the set of the row vectors in A that correspond to 
joints in X, and let eb be a function on 2J defined by 
e;(X) = rank(A(X) U B) = rank(B), (12) 
where B represents the set of row vectors in the matrix B. (We hereafter use this 
notation, because whether B represents a matrix itself or the set of row vectors in the 
matrix is obvious in the context.) Then, we obtain polymatroid (J,eb). A value of 
e;(X) represents the number of linearly independent constraints placed by the joints 
in X. Especially for each XE J, @b<(x)) = 2(k - 1) where k is the number of the rods 
that are incident to the joint x. For any YC Q, let 
E(Y)={e4,-3,e4i~2,e4;-l,e4iITiE Y), 
where ek is a 4n-dimensional row vector whose kth component is 1 and the other 
components are all O’s, and let 0; be defined by 
o;(Y) =rank(E(Y)UA(J)UB) - rank(A(J)UB). (13) 
Then, we get polymatroid (Q, a;), which is a 3-matroid. 
There is the following relation between the polymatroid ( V,oP) defined by 
eq. (8) and the polymatroid (Q, a;) defined by eq. (13). Any XC V satisfies 
up(X) = c&QP(X)) where Q-(X) is the set of the rods connecting two joints in X, 
and, conversely, any Y c Q satisfies o;(Y) = op( V+( Y)) where V’(Y) is the set of 
end vertices of rods in Y. 0 
Remark 2 (Engineering drawing). In engineering drawings pictures are regarded to 
convey only rough information about shapes and exact dimensions are specified by 
supplementary lines and figures (called ‘stiffeners’) added in the pictures. Lengths 
and angles of two-dimensional shapes are usually specified by the four types of 
stiffeners listed in Table 1, examples of which are illustrated in Fig. 2 (Hillyard [3]). 
Given engineering drawing H whose vertex set is I/ and whose stiffener set is T, 
we can extract polymatroids in the following way. Let (xi, u,) denote the coordinates 
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Table 1 
Stiffeners for two-dimensional shapes 
type elements at ends specified items 
number of 
constraints 
1 vertex-vertex distance 1 
2 vertex-line distance 1 
3 line-line angle 1 
4 line-line angle and distance 2 
Fig. 2. Four types of stiffeners (d, represents a stiffener of type i). 
of vertex ui (E V). A stiffener of type 1 specifies a distance between two vertices, say 
vj and Vj, and therefore we get 
(Xi-X~j)~+(_Y-~j)~=const. 
A stiffener of type 2 specifies a distance between a vertex, say vi, and a line, say 
vjvk, and therefore we get 
~~jx~kvj,//ojvi,l=const. 
A stiffener of type 3 specifies an angle between two fines, say V;Vj and nkn/, and 
therefore we get 
oiu;'uk,/(Iu,Uj( - (i&()=const. 
A stiffener of type 4 specifies parallelism of two lines and also specifies the distance 
between them. The parallelism is represented by the same equation as that of a 
type-3 stiffener and the distance specification is represented by the same equation as 
that of a type-2 stiffener. Differentiating the above equations by parameter t we get 
linear equations with respect to X; and 3; (i= 1, . . . , n, n = 1 VI), where the dots 
represent differentiation by t. Gathering all of such equations, we get 
Aw=O, 
where w = ‘(X,_Pr ...X._P,,). 
(14) 
For any XC T let A(X) represent the set of the row vectors in the matrix A in eq. 
(14) that correspond to stiffeners in X, and let eH be a function on 2= defined by 
Q&C) = rank(A(X)). (15) 
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Then, (T, eH) is a polymatroid and Q&C) represents the number of linearly 
independent constraints placed by stiffeners in X. Especially, Q&(X}) = 1 if x (E 7’) 
is a stiffener of type 1, 2 or 3, and Q~({x}) = 2 if x is a stiffener of type 4. Next, let us 
define for any Y c V 
oH( Y) = rank UA(T) -rank@(T)), ) (16) 
where ek denotes a 2n-dimensional row vector whose kth component is 1 and the 
other components are all 0’s. Then, (V, aH) is a 2-matroid and oH( Y) represents the 
maximum number of coordinates whose values can be specified arbitrarily. 
We shall call an engineering drawing regular if small and arbitrary changes of 
distances and angles specified by stiffeners do not cause the shape impossible. A 
regular drawing represents a unique shape if oH( I’) = 3, and does not if oH( V) > 3. 
A non-regular drawing has more than enough stiffeners and, consequently, their 
values can not be determined independently. 
If all the stiffeners are of type 1, the specification of lengths is mathematically 
equivalent to a plane skeletal structure. It is, however, an open problem to 
characterize in terms of combinatorics the independence of stiffeners of other 
types. 0 
4. Unifying treatments 
4.1. Summary of common properties 
We have studied several structures from the polymatroidal point of view, which 
are summarized in Table 2. The leftest column shows the common concepts and the 
other columns show corresponding individual concepts associated with line 
drawings of polyhedra, plane skeletal structures, and length-and-angle specification 
in engineering drawings, respectively. 
A structure is composed of geometric objects and constraints. Polymatroids on 
the constraints represent dependent and/or independent relationship among the 
constraints, and polymatroids on the geometric objects represent the distribution of 
degree of freedom under the constraints. Structures are classified from two aspects. 
First, they are divided into regular and non-regular. In regular structures every 
constraint is independent from the others, and, therefore, regular line drawings 
represent polyhedra correctly even if the vertices are drawn in general position, 
regular skeletal structures are realizable even if small changes of lengths of rods are 
made independently, and regular engineering drawings represent shapes without 
contradictions even if permissible error ranges of lengths and angles in industrial 
processes are given arbitrarily. Secondly, structures are divided into two according 
to whether the ranks of polymatroids on the geometric objects are the possible 
minimums or they can be lessened by addition of more constraints. Skeletal 
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structures with the possible minimum ranks are rigid and engineering drawings with 
the possible minimum ranks represent shapes uniquely. Line drawings with the 
possible minimum ranks have the outstanding property that if a vertex set is 
coplanar [resp. collinear] in one polyhedron represented by the drawing, then it is 
coplanar [resp. collinear] in any polyhedron represented by the same drawing. This 
property is called the ‘coplanar-collinear property’ (cf. Example 3), and is useful to 
determine whether certain kinds of figure-construction problems have unique 
solutions or not (Sugihara [8]). 
The unifying point of view summarized in Table 2 gives us a new and powerful 
foundation for the analysis of those structures. 
In the rest of the paper we shall present three types of treatments, using this 
unifying point of view. 
First, the common technique can be used in the construction of efficient 
algorithms for the recognition of the regularity of line drawings of polyhedra and 
plane skeletal structures. Theorems 1 and 2 are important in the sense that whether 
or not a structure is regular can be determined by integer calculation only. However, 
if we simply follow these theorems to recognize the regularity, it would take 2”’ steps 
where m is the number of faces or that of rods. It can be seen that the conditions in 
Theorems 1 and 2 are equivalent to the conditions that some bipartite graphs have 
complete matchings and thus polynomially bounded algorithms are obtained; see [9] 
for line drawings of polyhedra and [lo] for plane skeletal structures. 
The other two treatments are presented respectively in the next two subsections. 
4.2. Application of principal partitions 
Non-regular structures have redundnat constraints. The redundancy is in general 
distributed nonuniformly in the structures; the redundancy is dense in some part 
and sparce in another part. 
Let (R, eD) be the matroid defined by eq. (2) and XC R. The density of redundant 
constraints in X can be defined by 
We shall concentrate our attention on the numerator and consider the parametric 
form defined by 
fw)=eDw)-4XI, (17) 
where CZE [0, 11. If the redundancy is dense in substructure (V’(X),F+(X), X), 
eD(X) is relatively small and 1x1 is relatively large. Therefore, subset X that 
minimizes f(X) can be expected to have some information about the distribution of 
the redundancy. 
The theory of principal partitions of matroids and polymatroids has recently been 
developed from several points of view (Iri [4]), and it is applicable to our problem. 
The outline is the following. 
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Let (it4,~) be a matroid and let G?(a) be the family of subset X of A4 such that X 
minimizes 
e(X)-olXI (18) 
for some (YE [O,l]. Let, furthermore, 3 = UOSarl g(a). Then 9 is closed under 
union and intersection and G? contains 0 and M. Therefore, any longest chain 
X,,= 0s Xi 5 ... 5 X, =M (X, E 9) defines the same family of difference sets 
.~(~)={xi-xe,x2-x,, . . . , X,, - X,_ i}, which is a partition of M (Iri and Han 
[5]). Partial order 5 is defined in F( 3) in such a way that Mi 5 Mj (M;,Mj E F( 9)) 
if and only if Mj c X implies M; c X for any XE 9. Matroid (M, Q) itself is par- 
titioned into ‘principal minors’ (M;, Q;), where M, E .F( 9) and 
@;(x)=@(xu{Y(YE.~~~),Yjx})-@({Y)YE~(CQ,YjX)) (19) 
for any XC M;. 
Applying the above principal partition to matroid (R, eD) and (E,Q~), we can 
partition the structures according to nonuniform distribution of redundant 
constraints and obtain partial orders among the partitioned substructures. 
Example 1. Let (R, QD) be a matroid defined by eq. (2) associated with a non-regular 
line drawing of a polyhedron shown in Fig. 3(a). Then, we get 
P(a) = (O} if a E [0,29/32), 
Na) = {R5 1 if a E (29/32,12/13), 
L/‘(a) = (R2lJR5) if aE(12/13,29/31), 
i;“(a) = {R, UR,UR,) if a E (29/3 1,19/20), 
9(a) = {RI UR2URjUR5} if a E (19/20,29/30), 
9(a) = {R} if a E (29/30,1], 
R4 
I 
R, UR, UR, UR, RX 
I 
R 
R4 
(a) line drawing (b) dB 
? 
R5 
R5 
I R2 
R2UR5 
p 
R, UR2 UR5 R, 
(c) partitm 
Fig. 3. Principal partition of a line drawing of a polyhedron. 
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and 9(a) for a ‘critical’ value of a is a simple union of P(a)‘s in both sides of the 
critical value (for example, P(29/32) = (0,R5}), where R,, . . . , RS are sets of 
incidence relations shown in Fig. 3(a). Family 9 and the principal partition are 
shown in (b) and (c), respectively. In this accidental case, the result of the principal 
partition coincides with the partition of the matroid into non-separable components 
(see Welsh [ll] for a ‘non-separable component’). Hence, the order among 
components represents nothing but the difference of ratios of the ranks to the sizes 
of the support sets; redundant incidence relations are denser in upper components in 
(c) than in lower components. 0 
Example 2. Another example is shown in Fig. 4. Let (E, eP) be a matroid defined by 
Eq. (7) associated with a non-regular plane skeletal structure shown in Fig. 4(a). 
x Q,,@ 
‘;;,r5 
jl 5 ii+? 
E,UE,UE, 
I 
E,UE,UE,UE, 
I 
E 
(a) plane structure (b) ~8 (c) porlltion 
Fig. 4. Principal partition of a plane skeletal structure. 
Then, we get 
P(a)= {0> if a E [O, +>, 
9(a)=(0,E3,E5,E3UE5} if a=+, 
P(a) = {E3 U ES} if ae(+,+>, 
P(a)= {EsUE5,E,UEsUES,E,UE3UE4UE5} if a=+, 
9(a)= {EZ~~s~~4~Es} if a e (a, +>, 
9(a)= {E2UE3UE4UEs,E} if a=+, 
Q(a)= {E) if aE(+, 11, 
where El, . . . . ES are the sets of rods shown in Fig. 4(a). Family 9 and the principal 
partition are shown in (b) and (c), where hatches denote additional rigid objects to 
which skeletal structures are fixed (this is the physical meaning of the principal 
minors defined in eq. (19)). Redundant rods are more crowded in upper elements in 
Descriptive geometry and mechanisms 325 
(c) than in lower elements, and hence upper substructures are stronger than lower 
ones. For instance, the lowest component in (c) remains rigid when any one rod is 
deleted, and becomes flexible when any two rods are deleted. On the other hand, the 
second lowest component remains rigid even if some two rods are deleted (for 
example, the two slant rods), and so on. 0 
4.3. Application of submodular system theory 
Theorems 1 and 2 have the same form: “a structure is regular if and only if 
p(X) 2 0 for any Xc A4 such that IX/ 2 p”, where A4 is a certain set of geometrical 
elements of the structure, p is a positive constant and p is a submodular function on 
2”. Pair (M, cc) is called a submodular system if M is a finite set and p is a 
submodular function on 2”. Partitions with partial orders are introduced to 
submodular systems by Fujishige [2]. The following is a slightly modified version of 
his partitions that is useful for the analysis of regular structures. 
Let (M,p) be a submodular system and 4 be a nonnegative constant. We shall 
define for each XEM 
WX)=~{+EXCM, Ixlrq,p(X)=P*} (20) 
with the convention that K(x) = {x} if there is no X that satisfies the conditions 
stated in the right of eq. (20), where 
P*=min{p(Y) 1 YcM, IYjzq}. 
Let G = (M,A) be a directed graph consisting of vertex set M and arc set 
A = {(x, y) 1 y E K(x), x, y c M}. Decomposing G into strongly connected com- 
ponents, we get the partition of M and the partial order in it. 
We apply the above partition to the submodular systems derived from Theorems 
1 and 2. In the case of a plane skeletal structure, for example, the obtained hierarchy 
represents the relation among rigid substructures of the structure. 
Example 3. Let us consider incidence structure S = (V,F, R) associated with the line 
drawing of a polyhedron shown in Fig. 5(a), which is regular and consists of twelve 
(a) hne drowlng ib) portltlon 
Fig. 5. Partition of a submodular system extracted from a regular line drawing of a polyhedron. 
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faces. Let us consider submodular system (F, pus), where ps is defined by (5). Putting 
q=3, we get p*=O and hence 
K(l)=K(3)={1,3}, K(2)= 1~2~3)~ K(4) = { 1,3,4} 3 
K(5)= (51, K(6) = {6,7, lo}, K(7) = {7,10>, 
K(8) = (8,101, K(9) = (91, K(l0) = {lo), 
K(11)={6,7,8,10,11,12}, K(12) = {8,10,12}, 
and consequently obtain the partition and the partial order as is shown in (b). This 
partition represents the distribution of subsets X’s of F such that ps(X)=O. 
Therefore, for any component of this partition, the union of all upper components 
together with this component constitutes a minimal sub-structure with the coplanar- 
collinear property that includes this component. I? 
(0) plane structure [b) POf’tltiOfl 
Fig. 6. Partition of a submodular system extracted from a regular plane skeletal structure. 
Example 4. Another example is shown in Fig. 6. Let (V, E) be an underlying graph 
of the plane skeletal structure illustrated in Fig. 6(a), which is a regular and rigid 
structure consisting of 21 rods. Because pG defined by eq. (9) is a submodular 
function on 2E, we get submodular system (E, put). Putting q = 3, we get /3* = 0 and 
K(l)= (11, K(2)=K(3)=(1,2,3), K(4)=K(5)=(1,4,5}, 
K(6)={1,2,3,4,5,6,7}, K(7) = (71, 
K(8)={7,8 ,..., 21}, K(9) = (91, 
K(lO)=K(ll)= {9,10,11>, K(12)=K(13)= {9,12,13), 
K(14)=K(15)=~~~=K(21)={9,10,~~~,21}, 
and hence obtain the partition and the partial order as is shown in (b). This partition 
and partial order represent the distribution of rigid and statically determinate 
substructures (i.e., substructures whose rod sets X’s satisfy ,Q(X) =O), and also 
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represent which part of the structure supports the rigidity of which part. If a rod in a 
certain component is removed from the structure, all the rods belonging to the same 
component or the lower components become flexible, while the substructure 
composed of rods in the upper components remains rigid. The chosen value of q 
(i.e., 3) is equal to the minimum number of rods that form a nontrivial rigid 
structure. 0 
5. Concluding remarks 
We have shown that the same polymatroidal structures are found in several fields 
of engineering such as line drawings of polyhedra, planar frameworks composed of 
rods and joints, and specification of lengths and angles in engineering drawings, 
and, furthermore, that those polymatroids can be characterized by submodular 
functions which are useful for practical calculation of the ranks of them. The 
present results give us a new start point for a unifying approach to those fields of 
engineering. We have also seen three types of the unifying treatments; the theory of 
matchings of bipartite graphs affords us efficient algorithms for the recognition of 
regularity, the principal partitions are useful for the analysis of non-regular 
structures, and the partitions of submodular systems are useful for the analysis of 
regular structures. 
The present point of view and its extension seem to be useful for many problems 
found in design of frameworks and shapes, especially for problems on insufficient 
specification and/or superfluous specification of parameters occurring in man- 
machine communication between designers and CAD (computer-aided design) 
systems. 
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